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THE LAW OF LARGE NUMBERS FOR THE BIGRADED BETTI NUMBERS OF THE
RANDOM MOMENT-ANGLE COMPLEX
DJORDJE BARALIC´ AND VLADA LIMIC
Let (Ω,F ,P) be a probability space. Let n be a positive integer and p ∈ [0, 1]. The random simplicial
d-complex Y dn;p on n vertices and with parameter p, introduced by Linial and Meshulam in [3], has the following
probability law:
- Y dn;p takes values in the space of all simplicial complexes K such that ∆
n
d−1 ⊂ K ⊂ ∆
n
d
- each possible d-simplex of ∆nd appears in Y
d
n;p with probability p, independently.
Recall that ∆ni denotes the i-skeleton of the standard (n−1)-simplex ∆
n on n vertices. From now on we denote
by [n] the set of vertices, and by Y d(n, p) the law of Y dn;p. The random simplicial 1-complex is the well known
Erdo˝s-Re´nyi-Stepanov random graph with law typically denoted by G(n, p).
The moment-angle-complex ZK of a simplicial complex K on [n] is a topological space ZK :=
⋃
σ∈K W (σ)
where W (σ) =
∏n
i=1 Vi, and where Vi =
{
D2 if i ∈ σ
S1 if i 6∈ σ,
. Recall that D2 = {z ∈ C||z| ≤ 1} and S1 = {z ∈
C||z| = 1}. By definition, X(∅) = (S1)n.
Cohomology ring of ZK over k, where k is a field or the ring of integers Z, was obtained by Buchstaber and
Panov [2], and Baskakov in [1]. In particular, they proved that H∗,∗ (ZK ; k) ∼= Tork[v1,...,vn](k[K], k), where
k[v1, . . . , vn] is the polynomial algebra with grading degvi = 2, and k[K] is the Stanley-Reisner ring of K. The
latter object is the quotient graded ring k[v1, . . . , vn]/IK , where IK = (vi1 · · · vik | {i1, . . . , ik} 6∈ K). In words,
IK is the ideal generated by the square-free monomials corresponding to non-simplices of K.
Additive structure of H∗(ZK ; k) can thus be obtained using a well-known result from combinatorial com-
mutative algebra, the Hochster’s formula, which represents the above Tor-algebra as a direct sum of reduced
simplicial cohomology groups of all full subcomplexes in K. Hochster’s formula states that
Tor−i,2j
k[v1,...,vn]
(k[K]; k) ∼=
⊕
J⊂[n],|J|=j
H˜|J|−i−1(KJ ; k),
whereKJ is the full subcomplex ofK on J ⊂ [n]. Due to [2] this implies thatH l (ZK ; k) ∼=
⊕
J⊂[n] H˜l−|J|−1(KJ ; k).
The bigraded Betti numbers of k(K) are the ranks of the bigraded components of Tor-groups β−i,2j(k(K)) :=
dimkTor
−i,2j
k[v1,...,vm]
(k[K]; k). As a corollary we have β−i,2j(k(K)) =
∑
J⊂[m],|J|=j
dimk H˜j−i−1(KJ ; k).
In this work we introduce the random moment-angle complex as ZY dn;p , where Y
d
n;p is as above. We study the
asymptotics of the ranks of the bigraded homology groups of ZY dn;p , which due to the results given in the above
paragraphs correspond to the bigraded Betti numbers β−i,2j(k(Y dn;p)).
For fixed integers i, j and J ⊂ [n] such that |J | = j let us denote
X
(n,p)
J,i ≡ XJ,i := dimk H˜|J|−i−1(Y
d
n;p; k).
Using the Hochster formula we get
(1) β−i,2j(k(Y dn;p)) :=
∑
J⊂[n],|J|=j
XJ,i.
Due to dimensional reasons β−i,2j(k(Y dn;p)) = 0 for all j ≤ d and j > n. In addition, β
−i,2j(k(Y dn;p)) = 0 for all
i, j such that i 6∈ {j − d, j − d− 1} because H˜∗(Y
d
n;p; k) is trivial for ∗ 6= d− 1, d.
Theorem 0.1. If d+ 1 ≤ j ≤ n then for each fixed p ∈ (0, 1) as n→∞
β−j+d,2j(k(Y dn;p))(
n
j
) → fj(p) and β−j+d+1,2j(k(Y dn;p))(n
j
) → gj(p)
almost surely, where fj and gj are both polynomials in p of degree at most
(
j
d+1
)
. In fact, fj(p) = E(dimk H˜d−1(Y
d
j;p; k))
and gj(p) = E(dimk H˜d(Y
d
j;p; k)).
Proof. Let us observe that for all J ⊂ [n], the random variables XJ,i and β−i,2j(k(Y dj;p))) have the same
probability distribution. The Hochster formula implies that
E(βi,2j(k(Y dn;p))) =
(
n
j
)
E(dimk H˜j−i−1(Y
d
j;p; k)).
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As i, j are fixed, E(dimk H˜j−i−1(Y
d
j;p; k)) is clearly a polynomial in p with degree at most
(
j
d+1
)
.
We present here only the proof for i = j − d, since the proof for i = j − d− 1 is analogous. Due to Markov’s
or Chebyshev’s inequality, for any ε > 0
P
(∣∣∣∣∣β−j+d,2j(k(Y dn;p))(n
j
) − fj(p)
∣∣∣∣∣ ≥ ε
)
≤
Var
(
β−j+d,2j(k(Y dn;p))
)(
n
j
)2
ε2
.
Again from (1), we have that
Var
(
β−j+d,2j(k(Y dn;p))
)
=
∑
J⊂[n]
|J|=j
Var(XJ,j−d) +
∑
J1,J2⊂[n]
|J1|=|J2|=j
J1 6=J2
Cov(XJ1,j−d, XJ2,j−d).
As Var(XJ,j−d) = Var(dimk H˜d−1(Y
d
j;p; k)), we get∑
J⊂[n]
|J|=j
Var(XJ,j−d) =
(
n
j
)
Var(dimk H˜d−1(Y
d
j;p; k)) =
(
n
j
)
a(p),
where a(p) is a polynomial in p of degree at most
(
j
d+1
)2
.
Due to the definition of the random simplicial complex we have that Cov(XJ1,j−d, XJ2,j−d) = 0 when
|J1 ∩J2| ≤ d. In fact, here XJ1,j−d are XJ2,j−d independent random variables. If |J1 ∩J2| = m for d+1 ≤ m ≤
j − 1, then Cov(XJ1,j−d, XJ2,j−d) = bm(p), where bm(p) are again polynomials in p of degree at most
(
j
d+1
)2
.
Let us denote by A, Bd+1, . . . , Bj−1 the maximal values of a(p), |bd+1(p)|, . . . , |bj−1(p)| on [0, 1] respectively.
Observe that those constants depend only on d and j. Thus,
Var
(
β−j+d,2j(k(Y dn;p))
)
≤
(
n
j
)
A+
j−1∑
m=d+1
(
n
m
)(
n−m
j −m
)(
n− j
j −m
)
Bm = O(n
2j−d−1).
Since
∑
n
O(n2j−d−1)
(nj)
2 ≈
∑
n
1/nd+1 <∞, the claim directly follows as an application of the Borel-Cantelli lemma.

Remark 0.2. For β−1,2d+2 we also obtain an analogue of the central limit theorem. This is the special case when
j = d+ 1, and for other js as in the above theorem the second order asymptotic behavior is more complicated.
We plan to return to this study in the near future.
Corollary 0.3. For d = 1, we write Y 1n;p = Gn,p, and conclude that almost surely
β−1,6(k(Gn,p))/n→ p3, β−2,6(k(Gn,p))/
(
n
3
)
→ (1−p)2(2+p), β−2,8(k(Gn,p)/
(
n
4
)
→ 2p3(3p3−9p2−15p+7).
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